Abstract. We use a fixed point method, initiated in [V. Radu, Fixed Point Theory 4(2003) 
Introduction
D. H. Hyers [17] has given an affirmative answer to a question of Ulam by proving the stability of additive Cauchy equations in Banach spaces. Then T. Aoki [1] and Th. M. Rassias [26] considered the stability problem with unbounded Cauchy differences for additive and linear mappings, respectively. Their results include the following THEOREM 1.1. (Hyers [17] , Aoki [1] , Gajda [12] ). Suppose that E is a real normed space, F is a real Banach space and f : E → F is a given function, such that the following condition holds
for some p ∈ [0, ∞)\{1} . Then there exists a unique additive function a :
This phenomenon is called generalized Ulam-Hyers stability or Hyers-Ulam-Rassias stability and has been extensively investigated for different functional equations. It is worth mentioning that almost all proofs used the idea conceived by D. H. Hyers. Namely, the additive function a : E → F is constructed, starting from the given function f , by the following formulae
This method is called the direct method or Hyers method. It is often used to construct a solution of a given functional equation and is seen to be a powerful tool for studying the stability of many functional equations (see [10] , [19] , [13] , [3] , [18] , for details).
On the other hand, in [25] , [6] and [4] a fixed point method was proposed, by showing that many theorems concerning the stability of Cauchy and Jensen equations are consequences of the fixed point alternative. Subsequently, the method has been successfully used, e.g., in [5] , [8] or [24] .
Our aim is to highlight generalized Ulam-Hyers stability results for functional equations in a single variable for mappings with values in random normed spaces, obtained by using the fixed point alternative. The method introduces a metrical context and better clarifies the ideas of stability, which is seen to be plainly related to some fixed point of a suitable operator: our control conditions are responsible for the following fundamental facts: They ensure 1) the contraction property of a Schröder type operator J and 2) the first two successive approximations, f and J f , to be at a finite distance. Moreover, 3) they force the fixed point of J to be a solution of the initial equation. Some illustrative applications to concrete (Cauchy, quadratic and monomial) functional equations are also given.
A general fixed point method
For the sake of convenience, we recall the following alternative of fixed point ( [20] 
REMARK 2.1. The fixed points of A, if any, need not be uniquely determined in the whole space E and do depend on the initial guess f .
We recall (see, e.g. Schweizer&Sklar, [28] ) that a distribution function F is a mapping from [0, ∞) into [0, 1], nondecreasing and left-continuous, with
The class of all distribution functions F , with lim
Suppose that X is a real vector space, F is a mapping from X into D + (for any x in X , F(x) is denoted by F x ) and T is a t-norm. The triple (X, F, T ) is called a random normed space (briefly RN-space) iff the following conditions are satisfied:
(RN-1):
Recall that a triangular norm (t-norm) is a mapping
which is associative, commutative and increasing in each variable, with T (a,
Every normed space (X, || · ||) defines a random normed space (X, F, T M ), with
If the t− norm T is such that sup 0<a<1
T (a, a) = 1, then every random normed space
if every Cauchy sequence in X is convergent.
In the following theorem we prove a generalized Ulam-Hyers stability result (compare with [2] , [11] and [9] ) for the single variable functional equation 
with some fixed mapping ψ :
then there exists a unique mapping c : X → Y which satisfies both the equation
and the estimation
for almost all t > 0 . Namely, the solution mapping c can be acquired through the Hyers method:
Proof. Let us consider the mapping G(x,t) := ψ(x)(t), and the set E := {g| g : X → Y is a function}. We introduce a generalized metric on E (as usual, in f / 0 = ∞): 
Step I. Using our hypotheses, it follows that J is strictly contractive on E . Indeed, for any g, h ∈ E we have:
This says that J is a strictly contractive self-mapping of E , with the Lipschitz constant L < 1.
Step II.
Step III. Now we can apply the fixed point alternative to obtain the existence of a mapping c :
The mapping c is the unique fixed point of J in the set
This says that c is the unique mapping verifying both (E w,η ) and (2.2), where
Moreover,
for almost all t > 0 . It results that
for almost all t > 0 , that is Est ψ is seen to be true.
Applications to Cauchy functional equations and to quadratic functional equations
We will consider the additive Cauchy functional equation
where the "unknowns" are functions f : X → Y, between two vector spaces. By using Theorem 2.2 we prove a generalized Ulam-Hyers stability result for (3.1) (compare with [22] ).
Recall that a 2-divisible group is an Abelian group (X, +) such that for any x ∈ X there exists a unique a ∈ X with the property x = 2a ; this unique element a is denoted by
. Let X be a 2-divisible group, (Y, F, T M ) a complete random normed space, and a fixed i ∈ {0, 1} . Suppose that the mapping f : X → Y satisfies an inequality of the form
for some function ϕ :
then there exists a unique additive mapping a : X → Y which satisfies the inequality
for almost all t > 0 .
Proof. In case i = 0 we set x = y in Add ϕ and we see that
In case i = 1 we replace both x and y by x 2 in Add ϕ and we obtain
Now we can apply Theorem 2.2 with w :
Clearly, w = 1 2 1−2i and, by using (A ϕ,i ) and the hypothesis (ϕ i ), we obtain that (C ψ ) and (H ψ ) hold true.
Then there exists a unique mapping a :
which satisfies the following equation
and the inequality
The additivity of a can be proven by using the fact that the continuity of T M implies continuity of the mapping z → F z . Actually, by relation (ϕ i ), we will obtain
for almost all t > 0 . Therefore
Now we will consider the following quadratic functional equation
where f : X → Y, is a mapping between two vector spaces. As an application of Theorem 2.2 we prove a generalized Ulam-Hyers stability result for the equations of type 
where ϕ :
then there exists a unique quadratic mapping q : X → Y which satisfies the inequality
Proof. It is similar to that of Theorem 3.1. We apply Theorem 2.2 for w :
The general case of the monomial functional equation
For an Abelian group X and a vector space Y consider the difference operators defined, for y ∈ X and mappings f : X → Y , in the following manner: 
Notice that the monomial equation of degree 1 is exactly the additive Cauchy equation, while for N = 2 the monomial equation has the form f (x + 2y) − 2 f (x + y) + f (x) − 2 f (y) = 0, which is equivalent to the well-known quadratic functional equation.
In the sequel, the positive integer N will be fixed. 
then there exists a unique monomial mapping M : X → Y which satisfies the inequality
For the proof of our theorem, we need the following fundamental lemma: 
Proof. As in [15] , we define the functions
By using the relation (Mon ϕ ) we see that
and 2 N and the fact that M is a monomial function can be proven in a similar way as the additivity of a (in Theorem 3.1).
